Abstract. We calculate the integral cohomology ring structure for various members of the Bianchi group family. The main tools we use are the Bockstein spectral sequence and a long exact sequence derived from Bass-Serre theory.
Introduction
In order to determine H * (G; M ), the cohomology of a group G with coefficients in M , it is standard practice to let M be a field in order to simplify the calculations. The integral cohomology ring, with M = Z, can be much harder to determine, particularly when the group contains a lot of torsion. However, in many cases it is still possible to get a complete answer. In this paper we calculate the integral cohomology rings for a number of Bianchi groups.
The Bianchi groups are a family of matrix groups whose entries are elements in a ring of algebraic integers. The Bianchi groups are of interest as they appear in numerous contexts, including the study of knots and 3 manifolds, and in the theory of automorphic forms (see [7] for references). The Bianchi groups are particularly amenable to calculation as their torsion occurs only at the primes 2 and 3, their mod-2 cohomology rings and integral homology groups are known, and their 3-primary cohomology is easily calculable. The groups themselves can be built in stages out of finite groups using amalgamated products and HNN extensions. Therefore, their group cohomology is closely related to the cohomology of these finite pieces.
This paper completes a calculation that has partially appeared in a number of places: For various members of the Bianchi group family, the integral homology (additive structure) can be found in [13] , the rational homology in [16] , and the mod-2 cohomology in [2] . The main tools we use at the prime 2 are the Bockstein spectral sequence and long exact sequences that come from Bass-Serre theory. At the prime 3 we perform the calculations solely using long exact sequences. Our calculations show, among other things, that despite a fairly complicated ring structure, H * (Γ 5 ; Z) and H * (Γ 10 ; Z) only differ by a few torsion-free classes. Given the difference in structure between Γ 5 and Γ 10 , we find this similarity striking.
We have organized this paper as follows. In the next section we describe the Bianchi groups and the techniques we will need to determine their integral cohomology rings. In the third section we apply these techniques to determine some intermediate results. In the fourth section we give complete details for the calculation of H * (G; Z), where G = Γ 2 , Γ 6 . In the final section we do the cases G = Γ 1 , Γ 3 , Γ 5 , Γ 7 , Γ 10 , Γ 11 . The Bianchi groups are excellent candidates for integral cohomology calculations. Torsion in Bianchi groups occurs at the primes 2 and 3, so one only needs to perform two p-primary calculations. Furthermore, the most complicated torsion occurs at the prime p = 2, and mod-2 cohomology rings (as modules over the Steenrod algebra) have already been calculated for the Bianchi groups with d = 1, 2, 3, 5, 6, 7, 10 and 11 in [2] .
Background
Starting with mod-p cohomology information, the p-primary component of the integral cohomology can be reconstructed using a handy tool: the Bockstein spectral sequence. This spectral sequence, which first appeared in [3] , is associated to the following exact couple:
. . . 
Thus, elements that survive to the E r page have order at least p r . The Bockstein spectral sequence converges to (H * (X; Z)/p-torsion)⊗ Z F p . We use this sequence to calculate group cohomology via the identification H * (G; M ) = H * (BG; M ), where BG is the classifying space of G.
For the Bianchi groups we consider, the Bockstein spectral sequence applied to the calculations in [2] almost collapses at the E 1 page, with at most one torsion class surviving to the E 2 page. Thus, almost all 2-torsion in the resulting integral cohomology rings has order 2, a result consistent with the calculations in [13] . Although it would be convenient if this were the only tool needed in this paper, the Bockstein spectral sequence is less effective at identifying torsion-free classes, where knowledge of all Bockstein homomorphisms is required. Further, we need a technique to determine the 3-primary cohomology ring.
Fortunately, there is another technique. The Bianchi groups we consider in this article are built in stages using amalgamated products and HNN extensions from copies of Z and five finite subgroups: the cyclic groups of order two and three (Z/2 and Z/3), the Klein four group (D 2 ∼ = Z/2 × Z/2), the symmetric group on three letters (S 3 ), and the alternating group on four letters (A 4 ) [7] . We show how the cohomology of a group built via these constructions depends on the cohomology of its component subgroups. This then allows us to determine the torsion-free classes as well as the 3-primary cohomology ring. At the prime 2, this approach is also helpful for identifying the few classes of order 4 in the 2-primary cohomology ring.
We summarize some useful results, starting with the definitions of the amalgamated product and the HNN extension. A more thorough treatment can be found in [2] . Definition 2.1. Let G 1 and G 2 be groups with a common subgroup H. Let
Similarly, an HNN extension of G 1 is a group
Γ is denoted by G 1 * H . G 1 is called the base and H is called the associated subgroup. 
The maps above can be explicitly described. The map ρ is a sum of restriction maps to each summand. When Γ is an amalgamated product, α is the difference of restriction maps, α = res
H . When G is an HNN extension, the "twisting" induced by θ comes into play, and α = res
Remark 2.2. Whenever Γ is an HNN extension, ρ is an isomorphism in degree zero. Consequently, α factors through zero and δ is a monomorphism, generating a class in degree 1. We call such classes "HNN classes". We note that with integral coefficients, HNN classes are torsion-free, and cup trivially with themselves as they have odd degree. Therefore, they are always exterior.
The map ρ respects cup products, since it is a restriction map in the case of an HNN extension and a sum of restrictions in the case of an amalgamated product. Thus, by exactness of
, and this is an isomorphism of rings. In most of our calculations the map α is surjective, so sequence (2.1) breaks into short exact sequences. Hence the ring isomorphism determines most of the cup product structure of H * (Γ; M ), which can be used to determine cup products in the cases where the Bockstein spectral sequence information is incomplete or ambiguous.
In those cases where α is not surjective, classes can also arise in H * (Γ; M ) from the image of δ. The following lemmas describe how to determine products with these classes. Lemma 2.3 (5.6.12 in [15] Proof. See Proposition 5.3 in [12] .
Finally, on occasion we will need to determine restriction maps on integral cohomology. If the restriction map is known at the level of mod-2 cohomology, one can extend the map by appealing to the following long exact sequences of commuting squares:
Initial calculations
We determine the integral cohomology of the five finite groups that form the basis of the Bianchi groups' cohomology, then apply techniques from Section 2 to determine some intermediate results. In what follows, the subscript on a cohomology class denotes the degree of the class. A class inside square brackets is polynomial, whereas a class inside of parentheses is exterior.
] where x 2 has order 3. 
There is a spectral sequence with E p,q 2
. The horizontal edge of the spectral sequence is isomorphic to H * (Z/2; Z). The vertical edge, however, is the invariants H * (Z/3; Z) Z/2 . The horizontal edge yields the 2-primary part of the cohomology. On the vertical edge, the action is free in dimensions 4n + 2 and trivial otherwise (see [4] 
is also a non-trivial square, but this class is the image of y 2 3 under red 2 * and has thus already been accounted for. In what follows, we denote these identifications using a double arrow: Most of the restriction maps we will need are straightforward. However, res
is somewhat more complicated. and all other classes to 0, where
Proof. We use the commutative square:
Let u 2 , v 3 , and w 3 generate H * (A 4 ; F 2 ), and let x 1 and x 2 generate H 1 (Z/2; F 2 ) and H 2 (Z/2; Z), respectively. The map res We next move to the calculation of three amalgamated products that appear as base groups for a number of the Bianchi groups presented in this article. In many cases, a Bianchi group's cohomology is nearly identical to its base group's, so the following results consolidate later calculations.
Proof. We use sequence (2.1) with integer coefficients:
By Remark 3.6 α is surjective, so this sequence breaks into short exact sequences. Let x 2 , y 2 , y 3 and x 2 , z 2 , z 3 be generators in each copy of H * (D 2 ; Z) in the direct sum, and let w 2 be the generator of H 2 (Z/2) that is the restriction of both x 2 and x 2 under α. Now y 2 , z 2 , y 3 , z 3 and x 2 + x 2 are all in ker(α) and have order 2. Since this kernel is isomorphic to the image of ρ, we can construct the cohomology ring structure of D 2 * Z/2 D 2 at this point. We abuse notation and refer to classes in H * (D 2 * Z/2 D 2 ; Z) by their image under ρ, although we rename x 2 + x 2 asx 2 . Most of the relations are obvious; note that y 2 3 =x 2 y 2 (x 2 + y 2 ) as products of x 2 with y 2 equal 0. That the relations we found form a minimal set follows from a Poincaré series argument. We drop the bar on the x 2 for brevity.
One can derive the same result by using the Bockstein spectral sequence. Briefly, start with
and make the following identifications:
, and z 3 ↔ q 1 r 1 (q 1 + r 1 ). These are the Bocksteins of the classes r 1 , p 1 , q 1 , p 1 r 1 , and q 1 r 1 , respectively. It is straightforward to confirm that the stated relations hold.
For D 2 * Z/2 D 2 , the integral calculations are possible using either the Bockstein spectral sequence or sequence (2.1). In practice, both techniques are often needed to determine the answer. The long exact sequence is an effective means to determine generators in low degree, and show exactly how classes arise from pieces of the amalgamated product. The Bockstein spectral sequence, on the other hand, is helpful in the determination of the relations between generators. Table 1 .
All classes have order two, and R is the set of relations given in
, and We apply the Bockstein spectral sequence and identify generators for the integral cohomology ring. In general, one writes down classes in the mod-2 cohomology by degree and determines their Steenrod squares. Every time a class in the integral cohomology ring is encountered that is not in the ideal generated by the previous classes, it is added to the generating set. Relations among classes of order 2 can be determined using the relations in the mod-2 cohomology ring as in Lemma 3.4. There are some ways to speed up this occasionally difficult process. Once all integral generators have been found, it is straightforward to write down all possible combinations of generators by degree. Using the Poincaré series for the mod-2 cohomology and the Universal Coefficient Theorem, one knows how many classes are in the integral cohomology in each degree; this determines the number of relations among the classes. One continues this process until an integral Poincaré series argument or other appropriate technique shows that all generators and relations have been found.
Following this process, we identify generators
. As a sample confirmation of the relations, note that y . Using the relation x 1 w 3 = u 2 y 2 from the mod-2 ring, we find that the two expressions are equal. The other relations in Table 1 can be similarly checked.
In this example, the number of generators makes it difficult to confirm that the spectral sequence collapses at E 2 . However, using sequence (2.1) we get (3.1)
The map α is a surjection, which follows from Lemma 3.5 and Remark 3.6. Therefore, the long exact sequence breaks into short exact sequences and all 2-torsion in Table 2 . License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use We identify the following classes in the integral cohomology ring:
). An exhaustive search finds a set of relations among these classes.
Note that Sq 1 (v 3 ) = Sq 1v 3 = 0, whereas Sq 1 (u 2 ) = v 3 +v 3 . This means that there is a class in the integral cohomology that has at least order 4. We show that this class has exactly order 4 by considering the short exact sequence of 2-primary groups from sequence (2.1)
Using Lemma 3.4, we substitute to get
We know from the Bockstein spectral sequence that there are two classes in H 3 (A 4 * Z/2 A 4 ; Z) (2) , exactly one of which has order greater than two. This implies that H 3 (A 4 * Z/2 A 4 ; Z) (2) ∼ = Z/2 ⊕ Z/4. We denote the class of order 4 by t 3 . It remains to determine products with t 3 . First, t 3 is exterior (that is, t 2 3 = 0), as t 3 is the only class in the cohomology ring of order 4. Without loss of generality, we can say that ρ(t 3 ) = v 3 . Since ρ(y 3 ) = v 3 +v 3 , if t 3 y 3 is a non-zero product it must be z 6 , as both classes map to v 2 3 under ρ and there is only one such class. But z 2 6 = 0, whereas (t 3 y 3 ) 2 = 0; we conclude that t 3 y 3 = 0. Similar arguments show that all products with t 3 are 0.
The Bianchi groups Γ 2 and Γ 6
In this section, we calculate the integral cohomology rings of Γ 2 and Γ 6 in detail. We use the Bockstein spectral sequence to determine the 2-torsion, and sequence (2.1) for the rest of the ring structure. In here and what follows, Roman letters refer to torsion classes, and Greek letters to torsion-free classes. A subscript denotes the degree of a class; classes in square brackets are polynomial, and classes in parentheses are exterior. . We apply the Bockstein spectral sequence and identify generators y 2 ↔ n 
and consider the subgroups
Let G be the amalgamated product
where P SL 2 (Z) = A, S and the twisting is induced by the group element U . We have already calculated H * (G; Z) (2) in Lemma 3.8, but in order to keep track of the classes more carefully, we look at this example again from the point of view of group structure. The amalgamated subgroup in G is AM , so let the two classes u 2 , v 2 ∈ H 2 (D 2 ; Z) correspond to the subgroups AM and A . Note that α sends u 2 to the generator of H 2 (Z/2; Z) but sends v 2 to 0. The map α in sequence (3.1) is a surjection by Lemma 3.5 and Remark 3.6, so the long exact sequence splits into short exact sequences. It follows that in H * (G; Z) (2) there is a single class in degree 2 and two classes in degree 3, all of order 2.
Next consider the HNN extension that generates Γ 2 , where the group element U twists A to M . As P SL 2 (Z) ∼ = Z/2 * Z/3, let w 2 be the generator of H 2 (P SL 2 (Z); Z) (2) corresponding to the subgroup A . Then res
We can fit this information into sequence (2.1) for an HNN extension:
The map α is 0, so ρ is an isomorphism. We abuse notation and denote the class in H 2 (Γ 2 ; Z) (2) by v 2 as well. (Notice that res
P SL 2 (Z) (v 2 ) = w 2 , as both classes are dual to the group element A.) Since the Bockstein spectral sequence guarantees the existence of a single class of order 2 in H 3 (Γ 2 ; Z) (2) , there must be another class in degree 3 of order 4, denoted by t 3 . Also, there is a torsion-free HNN class in degree 1, σ 1 . This class has a trivial product with t 3 by Lemma 2.4. However, by Lemma 2.3,
As α is a surjection in degrees 3 and higher, the same lemma implies that the rest of the products with σ 1 are trivial. That α is surjective also implies that t 3 is the only 2-torsion class of order greater than 2; using an argument similar to that in Lemma 3.9 implies that all products with t 3 are trivial.
To determine H * (Γ 2 ; Z) (3) , we have that
, so all that remains is to determine the effect of the final HNN extension. The group element U sends S to V , which are both elements of degree 3 in A 4 . Therefore, both the injection and twisting maps are isomorphisms, which implies that α is the zero map. We get short exact sequences (3) , where w 2 is the generator of H 2 (P SL 2 (Z); Z) (3) . All classes have order 3. There is also a torsion-free HNN class, δ(1) ∈ H 1 (Γ 2 ; Z) (3) , which is the class σ 1 we identified before. We claim that products with this class generate the odd-dimensional cohomology. Note that res
. The class t 3 has order 4; all other torsion generators have order 2. The relations R are identical to those for H * (A 4 * Z/2 A 4 ; Z) (2) , and are given in Table 2 . At the prime 3,
. As Γ 6 and A 4 * Z/2 A 4 have almost identical mod-2 cohomology, it is no surprise that most of their generators and relations in the integral cohomology are identical too; we refer the reader to Lemma 3.9 for the definitions of y 3 , y 4 , y 6 , z 6 , z 7 , and y 9 , and their relations in Table 2 . However, Γ 6 has a new class, y 2 , that corresponds to y 2 1 = Sq 1 (y 1 ). We switch techniques and directly calculate the cohomology of Γ 6 using its group structure to find relations with y 2 .
Flöge's presentation for Γ 6 is A, B, M, R, S, U, W ; [6] . Let G be the subgroup generated by the group elements A, B, M, R, S and their relations. The following subgroups of G,
. The associated subgroups of the HNN extensions, A, S and M, RB , are both isomorphic to P SL 2 (Z). We add the group element U to get the HNN extension G 3 = G * P SL 2 (Z) . Finally, we add W to get Γ 6 = G 3 * P SL 2 (Z) . Thus, the cohomology of Γ 6 can be calculated in three steps. We use sequence (2.1) to find H * (G; Z) (2) .
From the group presentation, we see that the amalgamated copy of Z/2 injects into both copies of A 4 , forming A 4 * Z/2 A 4 as a subgroup. The only torsion-free class in the sequence, in H 1 (Z; Z), is not hit by α. Its image under δ yields a torsion-free class in degree 2 that we denote by σ 2 . Since this class and 2t 3 are the only ones in the image of δ, they have trivial products with the rest of the ring elements by Lemma 2.3 and with each other by Lemma 2.4. The other copies of Z/2, corresponding to the group elements A and M , go to 0 under α. Thus, they appear as two copies of H * (Z/2; Z) in H * (G; Z) (2) , which is isomorphic to the
Let v 2 and w 2 , dual to A and M , generate the two copies of H 2 (Z/2; Z). For the first HNN extension, the element U twists A to M , with A ⊆ P SL 2 (Z), the associated subgroup of the extension. By sequence (2.1), we get the sequence
Now as α is a surjection in positive degrees, the long exact sequence breaks into short exact sequences. In H * (G; Z) (2) , the sum of the two generators v 2 + w 2 is in the kernel of α because of the twisting; let y 2 be the inverse image under ρ of this new generator. There is also an HNN class, σ 1 , that has trivial products as it is the only class that arises from the image of δ. Thus,
. The final HNN extension yields H * (Γ 6 ; Z) (2) . Here the twisting sends M back to
A. In terms of the maps induced by inclusion of twisting, res
so α(y 2 ) = 0. We abuse notation and let y 2 also denote its inverse image in H * (Γ 6 ; Z) (2) that arises from the kernel of α. Sequence (2.1) breaks into short exact sequences that include a degree shift:
New classes in H * (Γ; Z) (2) include the HNN class τ 1 = δ(1) and δ(u j 2 ) in all odd degrees, where u 2 ∈ H 2 (P SL 2 (Z); Z) (2) corresponds to the copy of Z/2 generated by the group element M . We use Lemma 2.3 to show that the new classes in odd degree are actually products of other classes. Let i denote the subgroup inclusion P SL 2 (Z) → Γ 6 . By construction, res
The 3-primary cohomology calculation is similar. First,
The torsion-free class, σ 2 , is the image of H 1 (Z; Z) under δ. The first HNN extension has the effect of identifying the two polynomial classes as it twists one copy of Z/3 to the other. Thus,
, where σ 1 is the torsion-free HNN class.
For the final HNN extension, W twists the second copy of Z/3 back to the original one; thus α is 0. The long exact sequence splits as in the case of Γ 2 , with the same results: we get a new exterior HNN class τ 1 , that multiplies non-trivially with a new polynomial class in degree 2.
5. The Bianchi groups Γ 1 , Γ 3 , Γ 5 , Γ 7 , Γ 10 , and Γ 11 
. We break this into subgroups:
Using sequence (2.1) for an amalgamated product, one easily shows that
as α maps H * (S 3 ; Z) (2) isomorphically onto H * (Z/2; Z). On the other hand, (2) . The 2-primary result follows by noting that the copy of H * (S 3 ; Z) (2) maps isomorphically onto H * (P SL 2 (Z); Z) (2) in the final amalgamated product.
For the 3-primary component, the restriction maps for A 4 and S 3 to Z/3 (Lemmas 3.2 and 3.4) imply that both H * (G 1 ; Z) (3) and
] where x 4 has order 3. Using sequence (2.1) we get
Both classes in degree 4 map onto the square of the generator
Therefore, we get classes x n 4 ∈ H 4n (Γ 1 ; Z) (3) from the kernel of α and classes δ(w ) ∈ H 4n+3 (Γ 1 ; Z) (3) . These latter classes are exterior by degree considerations. Note that res
by Lemma 2.3. The 3-primary calculations are more involved. We use the fact that Γ 3 acts on a retract known as the "Mendoza Complex" [10] with fundamental domain and isotropy groups [13] given in Figure 1 . One now uses the equivariant spectral sequence ( [4] , VII.7) to show that
The details are identical to, but easier than, those presented in [2] . We refer the interested reader there.
. The class t 3 has order 4; all other torsion generators have order two. The set of relations, R , is given in Table 4 .
, where x 2 has order 3. . Enumerating classes by degree, we find the six generators mentioned above: Table 4 .
We use the group structure to finish the calculations. Flöge's presentation for
. We write
. The Bockstein spectral sequence yields one torsion class in the integral cohomology,
, that is polynomial. The integral class is harder to detect.
We use an HNN description due to Fine, Γ 7 ∼ = S 3 * Z/2 S 3 * P SL 2 (Z) ( [5] , Theorem 4.4.2). The twisting sends a Z/2 in the first copy of S 3 to the second, and a Z/3 in the second copy of S 3 back to the first. Note that H * (S 3 * Z/2 S 3 ; Z) (2) ∼ = H * (Z/2; Z). Further, at the level of cohomology, the two-dimensional generators of each copy of H * (S 3 ; Z) (2) are identified in the amalgamated product. We use sequence (2.1) for an HNN extension:
The restriction and twisting maps coincide, so α = 0. We denote the generator of H 2 (P SL 2 (Z); Z) (2) by w 2 , and the generator in H 2 (Γ 7 ; Z) (2) by x 2 , and note that
P SL 2 (Z) (x 2 ) = w 2 . There is also the HNN class, σ 1 . Substituting, the long exact sequence breaks into short exact sequences: . The rest of the argument is similar to the case Γ 1 , with the exception of the HNN class. Notice that no class in H * (Γ 7 ; Z) (3) restricts to the generator of H 2 (P SL 2 (Z); Z) (3) , so all products with the HNN class are trivial. (2) , given in Table 4 . Proof. The torsion parts of H * (Γ 10 ; Z) (2) and H * (Γ 5 ; Z) (2) are identical because the polynomial classes in H * (Γ 10 ; F 2 ) and H * (Γ 5 ; F 2 ) are identical. The only difference is that H * (Γ 10 ; F 2 ) contains three torsion-free exterior classes in each of degrees 1 and 2 that have trivial products with all other classes [2] . with H * (P SL 2 (Z); Z) (2) ∼ = H * (Z/2; Z) (2) . From this sequence we see there is a torsion-free HNN class, σ 1 . This is the only class to arise from the image of δ, so all products with σ 1 vanish. Also, H * (A 4 * Z/3 A 4 ; Z) (2) ∼ = H * (A 4 ; Z) (2) ⊕H * (A 4 ; Z) (2) . The result follows.
For the 3-primary cohomology, start with H * (A 4 * Z/3 A 4 ; Z) (3) ∼ = H * (Z/3; Z). The twisting sends Z/3 in one copy of A 4 to the other copy of A 4 ; when one calculates the cohomology of the HNN extension, this implies that α is zero. We now proceed as in the case Γ 2 .
Remark 5.7. Since the ring of integers O d contains number theoretic information, one might hope that some of this information would be detected in the cohomology ring of the corresponding Bianchi group Γ d . We note, however, that the torsion classes in H * (Γ 5 ; Z) and H * (Γ 10 ; Z) are identical-the difference is in the torsionfree classes! It is unknown at this point if there is a connection between H * (Γ d ; Z) and O d , but if there is, it is likely that many more examples will need to be calculated to find it.
